
1100 AIAA JOURNAL VOL. 10, NO. 8

3 Raat, J. and Pasiuk, L., "Rarefaction Effects in Hypersonic
Boundary Layers," AIAA Journal, Vol. 4, No. 11, Nov. 1966,
pp. 2052-2054.

4 Hakure, O., "Leading Edge Effects in Rarefied Hypersonic Flow,"
Rarefied Gas Dynamics, edited by J. A. Laurmann, Vol. II, 1963,
pp. 181-193.

5 Shoronstein, M. L. and Probstein, R. F., "Hypersonic Leading
Edge Problem," AIAA Journal, Vol. 6, No. 10, Oct. 1968, pp. 1898-
1906.

An Advanced Stochastic Model for
Threshold Crossing Studies of

Rotor Blade Vibrations

GOPAL H. GAONKAR*
Southern Illinois University, Edwardsville, III

AND

KURT H. HOHENEMSER |
Washington University, St. L>uis, Mo.

A STOCHASTIC model to analyze turbulence excited rotor
blade vibrations, previously described by the authors, has

been generalized and amplified to include nonuniformity of the
atmospheric turbulence velocity across the rotor disk in longi-
tudinal direction.

The authors1 have previously solved the problem of threshold
crossing expectations of rotor blade flapping response to atmo-
spheric turbulence. The theory pertained to high rotor advance
ratios and low-rotor lift, where a linear description is adequate
and where turbulence excited blade vibrations are severe. In the
earlier stochastic model it has been assumed that the vertical
turbulence velocity at a given point in time is uniform over the
rotor disc. This assumption limited the theory to turbulence
scale lengths which are large as compared to the rotor radius.
In the following a less restrictive stochastic model is described
where correlations between vertical turbulence velocities across
the rotor disk in the longitudinal direction are considered.

As before, the widely used von Karman vertical turbulence
spectrum is approximated by one with an exponential auto-
correlation function and zero mean

The associated two-sided spatial power spectral density is
{Sx(w)/<j2} dcor = {2L/7i[4 + (cor L)2]} dcor (2)

A = w/QjR is the dimensionless vertical turbulence velocity, Q is
the angular rotor speed, R the rotor radius, L is the longitudinal
turbulence scale, L/2 the vertical turbulence scale. The integral
over Eq. (2) from — oo to + oo is one. If r is the longitudinal
displacement of the rotor center and if the flight velocity V is
uniform, we have r = Vt/£l, where t is the dimensionless time with
1/Q as time unit. Defining the timewise dimensionless circular
frequency co associated with the spatial circular frequency wr by
coQ = a)r V, one obtains from Eq. (2) the two-sided timewise
power spectral density for the nondimensional vertical turbulence
velocity A

where
))/&% } dco = {a/n(a2 + co2)} dco

a = 2V/&L = 2/V(L/£)

(3)

(4)
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l_i = V/QR is the rotor advance ratio. The spectrum Eq. (3) can
be obtained by passing white noise through the first order filter

A + cd = (j^(2a)1/2n, with Rn(i) = d(i) (5)
The integral over Eq. (3) from — oo to +00 is again one.
Assuming that the dynamics of the rotor is given in state
variable form by

X(t) = A(t)X(t) + B(t)l(t) (6)
where X(t) is the state vector with components X1,X2,...a.nd
with initial state X(Q), where A(f) is the periodic state matrix,
where B(f) is the periodic coupling matrix relating the input
vector k(t) assumed to have zero mean to the rate of state vector,
one can express the response covariance matrix by

= f °
J -

(7)

H(w, t) is the response vector to the input l(t) = u(t) exp ia>t, u(t)
being the unit step function. Equations (6) and (7) are matrix
generalizations to the expressions given earlier.1 For the blade
flapping problem X1 = ft, X2 = ft, Xl = )8, X2 = JB etc. Once the
response covariance matrix is known, and assuming that the
input A(t) is Gaussian, it is easy to compute the threshold crossing
expectations for any response quantity.1'2 If Xt = Xk, then the
expected number of positive crossings of the level C per unit
time isf

exp[-(C/<Tt)2/2(l-rtt
2)]

pa-iv,*)1'2]}) (8)
If the filter Eq. (5) is included in the dynamic matrk Eq. (6)

one has the case of white noise input, for which the response
variance Rxx(t, t) = P(t) can be determined from3 ~ 5

P(t) = A(t)P(t)+P(t)AT(t)+B(t)BT(t\ (9)
with zero initial state. The response covariance matrk is then
obtained from

(10)

where 6(t, T) is the state transition matrix defined by 6(t, T) =
A(f)3>(t, T), €>(T, T) = /. Under certain conditions the evaluation of
Eqs. (9) and (10) requires less computational effort than that of
Eq.(7).

So far we have merely generalized the previous stochastic
model1 to arbitrary many degrees of freedom. Now let. us assume
that the blade, instead of being subjected at each point in time
to the vertical turbulence velocity A at the rotor center, is subjected
to the turbulence velocity at the 0.7 radius station, whereby
this velocity is assumed to be uniform in the lateral direction,
an assumption often made in aircraft turbulence response
analysis. We now determine the response of the rotor blade as it
passes through a space wave,

l(r) = u(r) exp i(Dr r (11)
With the previous assumptions r = Vt/Q. and coQ = cor V this is

./ROSinnt

(7RQ Fig. 1 Forward component of
blade velocity at 0.7K.

f Equation (30) in Ref. 1, which corresponds to Eq. (8) herein has
two printing errors: %n should be%7i, i(27t)1/2 should be%(27r)1/2.
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identical to the timewise input used for H(co, t) in Eq. (7). Now,
however, the relation between the longitudinal distance r traveled
by the 0.1R station of the blade and the nondimensional time t
must be derived. As seen from Fig. 1 the forward component
of blade velocity at the 0.7.R station is with the nondimensional
time t (time unit 1/Q)

dx/dt = F/Q + 0.7R sin t (12)
or integrated

x = Vt/Q, - 0.7jR cos t + c (13)
Setting r = x2 — x1 and assuming t = 0 for x = x1 one obtains

r= Vt/Q-Q.lRcost (14)
which inserted into Eq. (11) yields with coQ = cor V the timewise
input

l(t) = u(t) exp io)[t- (0.7//x) cos f] (15)
If we interpret now H(co, t) as the response to the delayed time
input Eq. (15), the response covariance matrix is still given by
Eq. (7). Numerically, using for example a Runge-Kutta integration
routine for computing H(a),t), the input Eq. (15) is as easily
handled as the input without the time delay term (0.7/jit) cost.
However the filtered white noise method of Eqs. (9) and (10) is
now not applicable. The problem can also be solved with the
help of the nonstationary autocorrelation function. From Eq. (13)
we have

r = x2-x1 = (7/Q)(t2-t1)-0.7R(cost2-cost1) (16)
Inserting Eq. (16) into Eq. (1) one obtains
^i^2)/V = exp-1^-^)- L4(R/L)(cost2-costal (17)
The authors6 have used a weighting function method to obtain
the response covariance to the nonstationary random input
process with the autocorrelation function Eq. (17). It was found
that this method gave the same result as Eq. (7) with //(co, t)
from Eq. (15), however with a greater computational effort.

A numerical example used earlier1 with rotor advance ratio
\i = 1.6, Lock number y = 4, blade tip loss factor B = 0.97, blade
flapping frequency ratio P = 1.3 was studied for a ratio of
turbulence scale over rotor radius of L/R = 4.0, using Eq. (15)
both with and without the time delay term (0.7/j)/cos£.
It was found that the time variable flapping variance and the
threshold crossing expectations for flapping in response to atmo-
spheric turbulence were not substantially affected by the time
delay term in Eq. (15). A typical turbulence scale at low altitude
where turbulence is most severe is about L = 400 ft (Ref. 7). A
value of L/R = 4 corresponds then to a rotor diameter of 100 ft
which is much larger than for current or even for foreseeable
future lifting rotors. It would then appear that the non-
uniformity of the vertical turbulence velocity over the rotor disk
is of little influence on the random blade flapping response, at
least as far as longitudinal nonuniformity is concerned. This
may not be true for more accurate blade representations
including for example additional torsional and bending degrees
of freedom, for which the preceding analysis remains valid. Also,
lateral nonuniformity of the vertical turbulence velocity, because
it is more elaborate to evaluate, has not been considered as yet.

b Gaonkar, G. H. and Hohenemser, K. H., "Comparison of Two
Stochastic Models for Threshold Crossing Studies of Rotor Blade
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Nomenclature
! = dimensionless generalized-aerodynamic-force matrix elements

= number of panel segments
coefficient of nonviscous structural damping
shape of displacement modey, length
mass moment of inertia of panel segment about its mass

centroid, mass (length)2/unit width
spring stiffness at supports, force/unit displacement per unit

width
reduced frequency based on /s, cals/V
length of panel segment
Mach number of freestream
dimensionless generalized-mass matrix element
mass of panel segment per unit width
the mode-j aerodynamic-force term in the virtual-work series,

force/unit width
generalized coordinate of displacement mode j
complex amplitude of q.
radus of gyration of panel segment about its mass centroid,

length
elastic potential energy of the panel springs, force length/unit

width
kinetic energy of the panel, force length/unit width
velocity of freestream, length/time
downwash at pnel surface, positive with z, length/time

vv;. = the mode-j term in the series for w
x = stream wise coordinate, length
Xj = x-coordinate of segment juncture j (j' = 0,1,..., B), length
z = vertical coordinate and vertical displacement of panel
Zj = the mode-j term in the series for z
Ap = lifting pressure, positive with z, force/unit area
SW = virtual work of the panel, force length/unit width
A = dynamic pressure parameter pV2/Mk
li = ratio of mass of panel segment to mass of air contained to a

height of ls over the segment, ms/pls
2

density of airstream, mass/length3

time
flexibility eigenvalue, (co0/co)2 (1 + ig)
circular frequency, time"i

reference frequency, that of a mass ms on a spring K,

U =(

V
V
w

p =(

n
CO
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Introduction

THE thermal protection shield of the space shuttle, like other
structural elements, should be as low in weight as possible.

This requirement leads to a need to insure the flutter safety of a
shield during both launch and re-entry. The present Note
describes a preliminary analysis based on a linear force-
displacement relationship and piston-theory aerodynamic forces.
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